Abstract. In this short article we provide a proof of the Iitaka Cnm conjecture for algebraic fiber spaces over tori.
Introduction
Let p : X → Y be an algebraic fiber space, i.e. X and Y are non-singular projective manifolds and p is surjective with connected fibers. An important problem in birational geometry is the Iitaka conjecture, stating that
where κ(X) is the Kodaira dimension of X, and κ(X/Y ) is the Kodaira dimension of a general fiber of p.
In this article our goal is to show that the log-version of the inequality (1.0.1) holds true, provided that the base Y is an abelian variety; this generalizes the result obtained by Y. Kawamata in 1982, cf. [22] . More precisely, our main theorem states as follows.
1.1. Theorem. Let p : X → Y be an algebraic fiber space, where Y is an Abelian variety. Let ∆ be an effective Q-divisor such that the pair (X, ∆) is klt, and let F be a generic fiber of p. Then
where ∆ F = ∆| F .
In fact, as a byproduct of our proof we obtain a few additional results in this direction for which we refer to section five. We will give next a few hints about the proof, so as to situate our work in the impressive body of papers dedicated to this problem, cf. [6] , [7] , [14] , [15] , [16] , [18] , [19] , [21] , [24] , [25] , [26] , [30] , [32] , [34] , [35] among many others. As we can see from the content of these references, the key ingredient of their proof is the positivity of direct image sheaves F m := p ⋆ (mK X/Y + m∆) (where m is a positive and divisible enough integer). Sometimes (cf. Hacon-Chen cf. [16] as well as Birkar-Chen [7] and Popa-Schnell [30] ) this is very nicely combined with additional techniques such as generic vanishing, extension theorems and minimal model program. The arguments presented in the present article rely almost exclusively on the positivity properties of direct images; the metric properties of F m (which represent the analytic counterpart of the positivity statements one has in algebraic geometry) are playing an important role.
Roughly speaking, we only have to deal with the following two extreme cases: either the determinant of the direct image p ⋆ (mK X/Y + m∆) is big, or it is topologically trivial. This is obtained as consequence of Theorem3.10 in section 3.
In the first case we show that the relative canonical bundle K X/Y + ∆ is greater than the p-inverse image of an ample divisor, up to a divisor whose image has codimension at least two in Y . This will allow us to extend pluricanonical sections from the fibers of p. The main result involved in this part of our proof is Theorem3.11, which is nothing but a generalization of E. Viehweg's weak semistability results, cf. [35] .
If the determinant of the direct image is flat, then we show that there exists an open set Σ ⊂ Y whose codimension is at least two, such that
is a Hermitian flat vector bundle when endowed with the canonical metric (Narasimhan-Simha). This relies on the metric properties of the sheaves p ⋆ (mK X/Y + m∆) (for which we refer to [29] ), combined with a result of H. Raufi concerning the existence of the curvature current corresponding to a singular Hermitian metric (see the results in [31] ). We remark that the classification of flat vector bundles on elliptic curves used in [22] is replaced in what follows by an ad-hoc method. It is known that Hermitian flat vector bundles on abelian varieties have global holomorphic sections up to the twist with a topologically trivial line bundle, cf. [38] . In our context we need a slightly more precise result, so we will give a direct proof of this statement. By using the flat structure of E we first construct global pluricanonical sections on the universal cover of the abelian variety (i.e. C d ), and then on Y by an average procedure. To finish the proof, we need another crucial result, due Campana-Peternell cf. [11, Thm 3.1] , as well as the generalization obtained in [10] .
Our article is organized as follows. In section two we will collect some basic facts concerning the construction of metrics on relative pluricanonical bundles and their direct images, as well as a few results concerning the singular Hermitian metrics on vector bundles. The main result we establish in section three is Theorem3.11; the techniques needed to prove it refine the arguments of E. Viehweg and H. Tsuji, among many others. The proof of the inequality (1.1.1) is completed in section four. As a complement to the techniques and results we obtain in this article, we show in section five that there exists a Hermitian flat vector bundle E → Y which admits an injection into the full direct image of the relative pluricanonical bundle, such that the two are isometric when restricted to the complement of a proper algebraic set, as soon as the determinant of p ⋆ (mK X/Y + m∆) is topologically trivial.
Positivity of direct images: a few techniques and results
The positivity results for the direct images of twisted pluricanonical relative bundles are part of the main tools in our proof. In this section we recall the construction of the Bergman metric, and some of its properties; we will equally collect a few results taken from [2] , [3] , [29] . Even if our "language" is mostly analytic, a large part of the results here have counterparts/versions in algebraic geometry, cf. [30] and the references therein.
2.1. The relative Bergman metric. Let X and Y be two projective manifolds, which are assumed to be non-singular. Let p : X → Y be a surjective map, and let (L, h L ) → X be a line bundle endowed with a Hermitian metric h L . We make the convention that unless explicitly mentioned otherwise, the metric in this article are allowed to be singular. As part of the set-up, we assume that we have
in the sense of currents on X.
In this context we recall the construction of the Bergman metric e −ϕ X/Y on the bundle K X/Y + L; we refer to [2] for further details.
. . , z n+m be local coordinates centered at x 0 , and let t 1 , . . . , t m be a coordinate set centered at 0 := p(x 0 ). We consider as well a trivialization of L near x 0 . With this choice of local coordinates, we have a local trivialization of the tangent bundles of X and Y respectively, and hence of the (twisted) relative canonical bundle. The local weight of the metric e −ϕ X/Y with respect to this is given by the equality
where the notations are as follows: u is a section of the K X0 + L| X0 , and F u corresponds to the local expression of u∧p ⋆ dt, i.e. the coefficient of dz 1 ∧· · ·∧dz n+m . The norm which appears in the definition (2.1.3) is obtained by the fiber integral
An equivalent way of defining (2.1.3) is via an orthonormal basis, say u 1 , . . . , u k of sections of K X0 + L| X0 . Then we see that
where F j are the functions corresponding to u j . The Bergman metric h X/Y = e −ϕ X/Y can also be introduced in an intrinsic manner as follows. Let ξ be a vector in the fiber over x 0 of the dual bundle −(K X/Y + L) x0 . The we have
where u = u ∧ dt on the fiber X 0 .
3
As we see from (2.1.5), the restriction of the metric e ϕ X/Y to the fiber X 0 coincides with the metric induced by any orthonormal basis of the space of holomorphic sections of K X0 + L| X0 . Hence the variation from one fiber to another is in general a C ∞ operation, since the said orthonormalization process is involved. Thus it is a remarkable fact that this metric has positive curvature in the sense of currents on X.
Theorem. ([2])
The curvature of the metric h X/Y on the twisted relative canonical bundle K X/Y + L| X 0 is positive in the sense of currents. Moreover, the local weights ϕ X/Y are uniformly bounded from above on X 0 , so they admit a unique extension as psh functions.
The definition 2.1.3, although not intrinsically formulated, is explicit enough so as to imply the following statement. Let p : X → Y be a dominant map, such that X is Kähler; we denote by ∆ the analytic set corresponding to the critical values of p, and we assume that the p-inverse image of ∆ equals 
in the sense of currents on X where I h is the set of indexes i ∈ I such that p(W i ) is a divisor of Y . In other words, the current Θ X/Y is singular along the multiple fibers of the map p.
Proof. Let x 0 ∈ W 1 be a non-singular point of one of the sets appearing in (2.2.1). We consider a coordinate set Ω containing the point x 0 , and we fix the coordinates (z 1 , . . . , z n+m ) on Ω, such that W 1 ∩ Ω = (z n+1 = 0). The local structure of the map p is as follows
where a j above are non-negative integers, and a n+1 = e n+1 .
Let Ω ′ ⊂ Ω be a smaller open set, such that the intersection (z j = 0) ∩ Ω ′ = ∅ for each j = 1, . . . , n. Then we see that the intersection of the fibers of p near p(x 0 ) with Ω ′ can be identified with the unit disk in C n . The upshot is that the normalization (2.1.4) allows us to bound the absolute value of the restriction of the section u which computes the Bergman metric near x 0 .
This in turn implies that we have
because of the wedge with dt, and the proof is finished. X/Y on the twisted relative pluricanonical bundle mK X/Y +L| X 0 is positive in the sense of currents. Moreover, the local weights ϕ X/Y are uniformly bounded from above on X 0 , so they admit a unique extension as psh functions.
2.2.
Singular metrics on vector bundles and direct image sheaves. Let E → X be a holomorphic vector bundle on a manifold X (which is not necessarily compact). Locally, a singular Hermitian metric h E on E is a measurable map to the space of non-negative Hermitian forms on the fibers, cf. [2] , [31] . This notion is somehow too general; in particular, it is impossible to define a curvature current corresponding to it, as soon as the rank of E is at least two, see [31, Thm 1.3] for a clear example illustrating this.
Nevertheless, as observed in [2] , one can still formulate the notion of negativity/positivity in the sense of Griffiths: the bundle (E, h E ) is negatively curved if
is psh, for any choice of a holomorphic local section u of E. The bundle (E, h E ) is positively curved if (E ⋆ , h ⋆ E ) is negative (we remark here that we assume implicitly that det h E is not identically +∞). It is important to notice the following consequence of the Griffiths negativity assumption for a singular Hermitian vector bundle (E, h E ). Let ξ be a local holomorphic section of E defined on a coordinate open set U ⊂ X. Since the function
is psh, in particular it follows that it is unambiguously defined at each point of U . We infer that the same is true for the coefficients h αβ . Moreover, the function |ξ| 2 is bounded from above on any relatively compact U ′ ⋐ U so it follows that we have
The following result is a particular case of [31, Thm 1.4] ; it gives a sufficient criteria in order to define the notion of curvature current associated to (E, h E ) which fits perfectly to what we will need later on in the paper. E ∂h E belong to L 2 loc . As a consequence, the curvature current Θ hE (E) is well defined and positive in the sense of Griffiths. Moreover, it can be written locally as ∂θ E .
We provide here a few explanations about the statement2.5. The fact that Θ hE (E) is well defined as matrix-valued (1,1)-current means that locally on some coordinate set U centered at some point x ∈ X we have
where µ jkαβ are measures on U (rather than smooth functions as in the classical case), (e α ) α=1,...,r is a local holomorphic frame of E and (z i ) i=1,...,n are local coordinates. The positivity in the sense of Griffiths we are referring to in Theorem 2.5 means that for any local holomorphic vector field v j ∂ ∂z j and for any local holomorphic section ξ α e α , the measure
is (real and) positive on U . The positivity of the measure (2.5.2) is obtained by H. Raufi in [31] by using an approximation procedure: he shows that under the hypothesis of Theorem2.5, locally near each point of X there exists a sequence of non-singular metrics h E,k such that (E, h E,k ) is Griffiths-positively curved (in the usual sense), and that the corresponding curvature form is converging to ∂θ E .
We will apply next this result in the context of direct images of twisted (pluri)canonical bundles. The set-up is absolutely the same as in the previous subsection; let Y 1 ⊂ Y be the intersection of the set of regular values of p with the maximal subset of Y on which the direct image sheaf
whose curvature is positive (cf. [35] ). The following result gives an important precision concerning this framework.
Theorem.([29])
We suppose that the natural inclusion
has positive curvature, and it extends as a singular Hermitian metric g X/Y on the torsion free sheaf p ⋆ (K X/Y + L) with positive curvature.
is torsion free, it is locally free outside a set of codimension at least two, say Σ ⊂ Y . Theorem 2.6 shows in particular that the restriction
is a positively curved singular Hermitian vector bundle.
We consider next the line bundle det p ⋆ (K X/Y + L); by this notation we mean the double dual of the top exterior power of the direct image p ⋆ (K X/Y + L). Then we have the following consequence of the previous results.
2.7. Corollary. We assume that the hypothesis of Theorem 2.6 are fulfilled, and that
admits a metric whose curvature current Θ is positive. Moreover, we have the following statements.
Proof. The metric g X/Y on the direct image induces a metric on the determinant bundle det
whose curvature is positive (and it actually equals the trace of the curvature of the direct image in the complement of an algebraic set). It is well-known that the psh functions extend across sets of codimension at least two, hence the the first part of the corollary follows.
The statement (a) is a direct consequence of Theorem 2.5, because the metric induced on the determinant bundle on Ω is smooth, by standard regularity results.
As for the part (b), we first use again the result2.5 which implies that the restriction of the curvature current corresponding to
Its vanishing is then a direct consequence of the positivity in the sense of Griffiths of the curvature of p ⋆ (K X/Y + L), combined with the fact that the trace of the curvature current is equal to zero. We remark at this point that is really important to have at our disposal the curvature current as given by Theorem2.5, and not only the notion of positivity in the sense of Griffiths.
The regularity statement is verified as follows. In the first place we already know that the coefficients of h are bounded, where h stands for the local expression of the metric g X/Y . This follows thanks to relation (2.4.2) which implies that the absolute value of the coefficients of the dual metric h ⋆ is bounded from above, combined with the fact that the determinant det h is smooth.
Since the ∂ of the connection form (= curvature current) is equal to zero, it follows that the connection is smooth. Locally near a point of Ω ′ we therefore have
where Ψ is smooth. The relation (2.7.1) holds in the sense of distributions; by applying the ∂ operator to it, we see that h satisfies an elliptic equation. In conclusion, it is smooth.
Some technical results
We recall here a result due to E. Viehweg who has been widely used in the previous works concerning the Iitaka conjecture [34] ,...
Proposition.[34, Lemma 7.3]
Let p : X → Y be a surjective map between two non-singular, projective manifolds. Then there exists a commutative diagram
such that X ′ and Y ′ are smooth, the morphisms π X , π Y are birational, and moreover, each hypersurface
As we see in [34, Lemma 7.3] , the statement above is a quick consequence of Hironaka's flattening theorem.
3.9. Remark. Let ∆ be an effective klt Q-divisor on X. Then we have
where E ′ is effective and π X -exceptional, ∆ ′ is klt. As a consequence, there exists a set Z ⊂ Y such that codim Y Z ≥ 2 and such that we have an isometry
this is simply a consequence of the definition of the Narasimhan-Simha metrics
respectively (cf. the constructions in the begining of Section 4), together with the properties of the maps/manifolds in Proposition3.8. Moreover, by considering a further modification, we can assume that the singular locus Σ of the fibration p ′ is normal crossing and p ′−1 (Σ) is also normal crossing.
We will recall now two results whose combination will reveal the strategy of our proof.
3.10. Theorem. [8, Chapter 3.3] , [12] Let T = C n /Γ be a complex torus of dimension m, and let α ∈ H 1,1 (T, Z) be a pseudo-effective non trivial class. If α is not ample then there exists a submersion
to an abelian variety S of dimension smaller than n so that we have α = π ⋆ c 1 (H) for some ample line bundle H on S. Moreover, after passing to some finiteétale cover, the fiber of π is also a torus.
Sketch of the proof. Since the pseudo-effective class on the torus can be represented by a closed smooth semipositive (1, 1)-form, there exists a holomorphic line bundle L on T with a smooth hermitian metric h such that c 1 (L) = α ∈ H 1,1 (T, Z) and iΘ h (L) ≥ 0. Since L is not ample, by applying [8, Chapter 3.3] , L defines a nontrivial fibration to a subvariety of the dual torus of T . Combining with the fact that κ(T ) = 0, the image of the fibration should be an abelian variety. The theorem is thus proved.
The following statement originates in the seminal work of E. Viehweg, cf. Chapter 6 of [35] as well as Proposition 4.5 in [36] ; the generalization presented below is stated in the article by H. Tsuji, [32, Section 2.6]. We will nevertheless provide a complete treatment here, for the sake of completeness. Also, we stress that in the next theorem the base Y is not necessarily the modification of an abelian variety.
3.11. Theorem. Let f : X → Y be a fibration between two projective manifolds. Let L be a Q-line bundle on X endowed with metric h L whose corresponding curvature current is semi-positive definite and such that X e −ϕL < +∞, where ϕ L is the potential of h L . Let m ∈ N be a positive integer such that mL is a line bundle, and such that the direct image f ⋆ (mK X/Y + mL) is not zero. The singular locus of f is denoted by Σ ⊂ Y . We assume that Σ is snc and f −1 (Σ) is a normal crossing divisor. Then there exist a constant ε 0 > 0 and an effective Q-divisor
is flat and such that that the direct image f ⋆ (mK X/Y + mL) is locally free when restricted
as it is well-known (given that X and Y are non-singular). By hypothesis, the inverse image of the discriminant of f writes as
where W i + V i are snc and a i ≥ 2. Set W := W i and V := V i . Next, we see that there exists a natural morphism
where r is the rank of f ⋆ (mK X/Y ). In order to give a useful interpretation of (3.11.3), we consider the fibered product
corresponding to the map p (as always, the convention here is that X r is the component of the fibered product (3.11.4) which maps surjectively onto Y ).
Let f r : X r → Y be the natural induced fibration, and let pr i : X r → X be the projection on the i-th factor. Set
. According to the definition in [20, Def 5.13] , the map f is a flat Cohen-Macaulay fibration over Y 0 . Moreover, the results established in [20, Cor 5.24] show that we have the crucial equality 
As a consequence, by (3.11.3) we infer that we have
Let π : X (r) → X r be a desingularization of X r which is an isomorphism at non-singular points of X r , and let f (r) := f r • π be the map induced by f r . Set X We consider the canonical bundle K X (r) of the manifold X (r) ; we will compare next its π-direct image with ω X r . To this end we recall that there exists a non-zero morphism
on X r , cf. [20, 3.20] , which is moreover an isomorphism on the locus where X r 0 is normal and has at most rational singularities.
The map (3.11.7) and the identity (3.11.5) show in particular the existence of a meromorphic section of the bundle
whose zeroes and poles are contained in X (r) \ X r 0 , together with the complement of the locus where X r 0 is normal and has at most rational singularities. As a consequence, there exists a couple of effective divisors E 1 , E 2 on X (r) such that we have
and moreover, each component Λ of the support of E 1 + E 2 belong to one of the following category.
The codimension of the projection of Λ by some of the maps pr i •π(Λ) is at least 2, or it is equal to one of the V l . These properties will be important for the rest of our proof.
When combined with (3.11.6) and [28, III, Lemma 5.10], the equality (3.11.9) shows that the bundle (3.11.10)
is effective, where E 3 is an effective divisor on X (r) which projects in codimension two, i.e. we have
. Thanks to the effectiveness of (3.11.10), there is a ǫ > 0 small enough (which depends on m and L r ) such that if we define the Q-effective divisor
then the pair X (r)
is klt for any y ∈ Y in the complement of a set of measure zero. Here, "klt" means that e
y . We set ∆ := ∆ + π * L r . By the results in [3] , there exists a very ample line bundle A Y → Y such that for any point y ∈ Y as above the restriction map (3.11.11)
is surjective for every k sufficiently divisible.
To simplify the notations we set D k = A Y − kǫ det f ⋆ (mK X/Y + mL) and we have (3.11.12)
Therefore the map (3.11.11) becomes (3.11.13)
y , kK X (r) /Y +k ∆). As a consequence, we have the following crucial extension property.
3.12. Claim. There exists a constant C > 0 independent of k such that for any section u of the bundle k(1 + ǫm)(K X/Y + L)| Xy there exists a section
whose restriction to the fiber X y is equal to u ⊗r , where F is an effective divisor on
We admit this statement for the time being, and we finish next the proof of Theorem 3.11. By Claim3.12 the bundle
is effective, which is equivalent to say that
is effective as well. Thanks to Corollary2.3, we have
for some ε 0 > 0, where V h is the divisor corresponding to the components of V projecting in codimension one. Therefore we have
for some effective divisor F satisfying codim Y f * ( F ) ≥ 2. Theorem 3.11 is thus proved by letting k → ∞.
We establish next the claim.
Proof. The point y ∈ Y is supposed to be generic, so we have the equality (3.12.2) X (r) y = X y × · · · × X y where the number of the factors in the product (3.12.2) is r. Since X y is a smooth fiber, we have
by construction. Thus the section u we are given by hypothesis defines a section u (r) of the bundle
by considering the tensor product of the pr i -inverse images of u. The property (3.11.13) and the relation (3.11.12) show that there exists a section U (r) of the bundle
extending u (r) and we show next that the "restriction to the diagonal" of U
satisfies all the properties required by the claim. We recall that by properties (a) and (b), for any component Λ of the divisor (
, there exists a projection pr i •π for which the image of Λ is contained in one of the V l . In particular, we have (3.12.5)
on the open set of X
can be seen as a meromorphic section of the bundle
(via (3.11.9)) which is holomorphic on f which are defined on the diagonal subset of the product
Here s V,α denote the local equations corresponding to the divisor V , and c is the smallest integer greater than C(1+ǫm): this is computed from (3.12.6) and C is the constant appearing in (3.12.5). The local holomorphic functions (3.12.7) glue together as a section U of (3.12.8)
except that it is only defined on some open set X 0 ⊂ X whose codimension in X \ V is at least two. However, the relations (3.12.5) and (3.12.6) show that U is bounded near the generic point of the support of V ∩ f −1 (Y 0 ), so it extends to f −1 (Y 0 ) and another application of [28, III, Lemma 5.10] will end the proof, as follows.
Indeed, the lemma in question shows that there exists a divisor F on X, such that f ⋆ (F ) ⊂ Y \ Y 0 and such that (3.12.9)
where we denote by F ⋆⋆ the double dual of F . The sheaves we are dealing with are torsion free, and in this case (3.12.9) combined with the projection formula show that we have (3.12.10)
(we are using here that (F ⊗ L) ⋆⋆ = F ⋆⋆ ⊗ L for any locally free L and torsion free F , respectively). The claim is therefore established.
3.13. Remark. The proof just finished shows that given any line bundle P such that the sheaf
has a global (non-identically zero) section, then
However, the bundle det p ⋆ (mK X/Y + mL) seems to be "the best" for what we have to do next.
The following result is classical, cf. [22] , [16] : it shows that in order to prove (1.1.1) it would be enough to establish the inequality κ(
3.14. Proposition. Let p : X → A be an algebraic fiber space, where X is a projective manifold of dimension m and A is a simple Abelian variety (i.e. there is no strict subtorus in A). Let ∆ be an effective Q-divisor on X, such that the pair (X, ∆) is klt. We denote by F a generic fiber of p. If κ(K X + ∆) ≥ 1, and if Theorem1.1 is true for all maps p for which the dimension of the total space X is at most m − 1, then we have
where
Proof. We use here an approach which goes back to Y. Kawamata, [22, page 62] . Modulo desingularization, we can assume that the Iitaka fibration of K X + ∆ is a morphism between two projective manifolds ϕ : X → W .
Let G be the generic fiber of ϕ and set ∆ G := ∆| G . Then K G + ∆ G = (K X + ∆)| G and we have (3.14.1)
Let p : G → p(G) be the restriction of p on G. We will analyze next among three cases which may occur.
Case 1: We assume that p(G) projects onto A; then we argue as follows. Let p : G → A be the Stein factorisation of p : G → A:
After desingularization p, we can assume that A is smooth. There are two subcases: Subcase 1: The ramification locus of s : A → A is of codimension 1 in A. Let [E] be the divisor correspond to the ramification locus. Since A is a simple torus, [E] is an ample divisor on A. Therefore K A is big. In this case, it is well known that κ(K G + ∆ G ) ≥ dim A ≥ 1. We get a contradiction with (3.14.1).
Subcase 2: The ramification locus of s : A → A is of codimension at least 2 in A. In this case, κ( A) = 0. Let t ∈ A be a generic point and let G t be the fiber of p : G → A over t.
We first prove that the κ(K Gt + ∆ Gt ) = 0, where ∆ Gt = ∆| Gt . Let A → Alb( A) be the Albanese map. By the universal property of Albanese map, we have the commutative diagram
Thanks to [21, Thm 1], π is a fibration. Then dim A = dim Alb( A) and π is thus a birational morphism. Since we assume that Theorem1.1 is true for the cases when the total space is of dimension ≤ m − 1, by applying it to p • π : G → Alb( A), (3.14.1) implies (3.14.2)
We next estimate the dimension of G. Let F be the fiber of p : X → A over s(t) ∈ A. Then F is a generic fiber. By restricting ϕ on F , we obtain a morphism
where V is a subvariety of W . Let V → V be the Stein factorisation of ϕ t .
Since G is generic, we infer that the fiber of p : G → A over t coincides with a generic fiber of ϕ t . Combining this with (3.14.2), then [33, Thm 5.11] implies that
and thus we infer that
Finally, by construction of the Iitaka fibration, dim G = dim X − κ(K X + ∆); we obtain the inequality
Case 2: We assume that the image p(G) has dimension zero. Since G is connected, p(G) is a point in A. This means that we can define a map W → A, which can be assumed to be regular by blowing up W . We have thus the commutative diagram
Let F be the fiber of p over t. Then F is a generic fiber of p and G is a generic fiber of ϕ : F → ϕ(F ), and by [33, Thm 5.11] we infer that
Note that ϕ(F ) is the fiber of q over t ∈ A. We have dim W = ϕ(F ) + dim A. Therefore dim W ≥ κ(K F + ∆ F ) + dim A. Combining this with the fact that ϕ is the Iitaka fibration, we have thus
and we are done.
Case 3: The remaining case: p(G) is a proper subvariety of A. Since we are assuming that A is simple, by [33, Cor 10.10] , the desingularization of p(G) is of general type. In this case, it is well known that κ(
We get a contradiction.
Proof of the main theorem
After the preparations in the previous sections, we will present here the arguments for our main result. To start with, we apply the Proposition 3.8 for the map p : X → A. We will use the notation (4.14.3)
for the resulting fiber space, and we keep in mind that the projective manifold A ′ is birational to an abelian variety.
The gain is that we can allow ourselves any effective "error divisor" in X ′ whose p ′ -projection in A ′ has codimension at least two. We will choose next a metric on the relative canonical bundle of p ′ which reflects the properties of the canonical algebra of a generic fiber of p. By hypothesis, we know that κ(K Xa + ∆ a ) ≥ 0 for any generic a ∈ A, where ∆ a := ∆| Xa . The important result [4] states that the canonical ring of the pair (X a , ∆ a ) is finitely generated. Let m ≫ 0 be a large enough positive integer, so that the singularities of the metric of K Xa +∆ a induced by the linear system mK Xa +m∆ a are minimal (i.e. equivalent to the singularities given by the generators of the canonical algebra). Of course, the same integer "m" will work for any a ∈ A generic. As we have already recalled in section 2, we can construct the m-Bergman kernel metric h X ′ /A ′ on the bundle K X ′ /A ′ + ∆ ′ by using the fiberwise liner systems mK Xa + m∆ a . Our proof relies on the positivity and regularity properties of the direct image sheaf and we endow it with the corresponding power of the relative Bergman metric (m − 1)h X ′ /A ′ + h ∆ ′ , where h ∆ ′ is the canonical singular metric on ∆ ′ ; then we have (4.14.6) p
and as in Theorem2.6 the torsion free sheaf F ′ m can be endowed with the NarasimhanSimha metric g X ′ /A ′ .
By the construction of the metric on L ′ m , we see that the Hermitian line bun- Set F m := p * (mK X/A + m∆). By using the same construction as above, we have a Narasimhan-Simha metric g X/A on F m . Thanks to Remark3.9, we have an isometry
where codim A Z ≥ 2 and
Theorems3.10 and3.11 show clearly how we will proceed for the rest of our proof. Roughly speaking, if (π A ) * Ξ is neither ample nor trivial, then we are done by induction, cf. Theorem3.10. If not, then we will analyze the remaining two extreme cases in the following subsections.
4.1.
The direct image of the curvature current of the determinant is nonzero. By the construction at the beginning of this section, we have a commutative diagram satisfying the properties in Proposition3.8 and Remark3.9: then Ξ is automatically a big class in H 1,1 (A ′ , Z) (cf. Thm3.10) as we can assume that A is simple.
As a consequence of Theorem3.11 we obtain the following result.
Corollary.
If the class {Ξ} is big, then for any generic point a ∈ A ′ and for any k ≫ 1 sufficiently divisible we can find an effective divisors E in X ′ satisfying
is surjective.
Proof. Thanks to Remark3.9, we can assume that the singular locus of p ′ is normal crossing and we can thus apply Theorem3.11 to the fibration p ′ . Let A Y be a very ample divisor on A ′ . Since Ξ is big,
) is big on A ′ . By Theorem3.11 we can find a parameter m 1 ∈ N large enough, and an effective divisor
for some pseudo-effective divisor ∆ 1 on X ′ . By [3] , the restriction map (4.15.2)
is surjective, for any k ≥ m 1 divisible enough. Indeed, this can be seen as follows: ∆ 1 is pseudo-effective, so its first Chern class contains a closed positive current T . If we choose a ∈ A ′ very general, and m 1 ≫ 0, then the restriction of the current 1 k T to X ′ y is well-defined, and the corresponding multiplier ideal sheaf I(∆ ′ + 1 k T ) is trivial for any k ≥ m 1 . We endow the Q-bundle
with the k-Bergman metric, and then we write
so that the surjectivity of the map (4.15.2) follows by the usual extension results. The relation (4.15.1) shows that we have
we therefore infer
and this last vector space is equal to
The corollary is proved.
In particular we have κ(K X +∆) ≥ κ(K Xa +∆ a ) by Proposition3.8, and we conclude by Proposition3.14.
4.2.
The curvature current of the determinant is zero. In this subsection we assume that we have
Set F m := p ⋆ (mK X/A + m∆) and let g X/A be the corresponding metric on F m . By (4.14.7), it follows that the curvature of det(F m ) is equal to zero on A \ Σ, i.e. in the complement of a set of codimension at least two. However, the support of a closed positive (1, 1)-current cannot be contained in such a small set, unless the said current is identically zero. We therefore have This is a consequence of Corollary2.7, combined with (4 .15.4) . In what follows, we will write
in order to simplify the notation. Thus E → A \ Σ is a vector bundle endowed with a non-singular metric h whose associated curvature is equal to zero.
The inequality (1.1.1) we are after will be obtained as a consequence of the following intermediate results.
• Let π A : M → A \ Σ be the universal cover map corresponding to A \ Σ. Because of the codimension assumption (a) above, the fundamental group of the manifold A \ Σ is isomorphic with the one of A, namely
(4.15.6) π X : X → X be the corresponding map given by the fibered product. We remark that X is non-singular. We denote by p : X → M the "other map" induced by the fibered product construction. Let u 0 be a section of the bundle m(K X0 + ∆| X0 ) over the fiber of p at the origin, which is supposed to lie above a regular point of the map p. We identify u 0 with a vector in the fiber (π ⋆ A E) 0 over the origin of the sheaf (4.15.7) π ⋆ A E → M. The next thing to do would be to extend u 0 over M, as section of π ⋆ A E. Afterwards, we will average the result so as to obtain a section on A.
• The manifold M is simply connected, thus there exists a holomorphic section U of the bundle π ⋆ A (E), such that (4.15.8)
where U 0 above is the restriction of U to the fiber of π ⋆ A (E) over 0. In particular, the norm of the section U at each point of M is constant.
• The manifold M is invariant by the abelian group Γ; we denote by v j the generators of this group. Let Γ N be the set of vectors
whose of length smaller than N (where length simply means the maximum of the absolute values of k j above). For each θ ∈ [0, 2π] 2d we define (4.15.10)
Then we set
The cardinal |Γ N | is a polynomial of degree 2d in N , which can be easily computed. Also, in the equation (4.15.11) we implicitly identify U z+v with the corresponding section of π ⋆ A E z , for each v ∈ Γ. We prove next the following statement.
4.16. Theorem. The following assertions are true.
(1) For each N ≥ 1 there exists a parameter θ N such that the limit of the section U (N,θN ) as N → ∞ is not identically zero and of course, holomorphic. (2) The said limit is invariant with respect to all the elements of Γ, hence in particular it defines a section of the direct image p ⋆ (mK X/A + m∆) on A \ Σ, up to the twist with a topologically trivial bundle L. (3) The holomorphic section of m(K X/A + ∆) + L| X\p −1 (Σ) produced at the preceding point extends to X.
Proof. Let v j be a generator of the lattice Γ; corresponding to it we have an element Λ j ∈ U(r) (where r = h 0 (X 0 , mK X/A + m∆)), such that U z+vj = Λ j · U z for every z ∈ M . Therefore we have the equality
We remark that if the limit Ξ of U (N,θN ) is not identically zero, then it will verify the invariance property where the θ j in (4.16.2) is the limit of the intermediate parameters we obtain. This is so because the cardinal of the boundary of Γ N is small when divided by the cardinal of Γ N , and it will prove the point (2) of Theorem4.16. The L 2 norm of Ξ is finite, so the assertion (3) will be clear as well. In conclusion, we only have to establish (1).
The formula (4.16.1) can be rewritten as
For each N ≥ 1 and for each parameter θ ∈ 2πZ we have the formula We write the proof in the case of a 1-dimensional base, so as to keep the notations clear. The verification can be done as follows. Actually, the first part of the Claim 4.17 is obvious; as for the second one, it boils down to the following assertion. Let M be a r × r invertible matrix, and let τ ∈ C r be a vector. We suppose that for each pair of indexes (i, j) there exists a pair of diagonal matrices ∆ 1 , ∆ 2 for which the i th and j th coefficient of ∆ 1 and ∆ 2 is non-zero, respectively such that
Then τ = 0.
Indeed, for each p = 1, 2 we write Λ p = C −1
p D p C p where D p is diagonal, and we choose the parameter θ pN according to the particular element of the diagonal of D p we want to make sure that it is of order N as N → ∞. The diagonal matrices ∆ j above are obtained by considering the limit in (4.16.3). If we always obtain the section identically zero as limit, then the equation (4.17.1) holds, and we derive a contradiction by the assertion above. The equality (4.17.1) can be rephrased as follows:
where (4.17.3)
By an appropriate choice of several ∆ 1 (such that d again, since we are free to choose d (2) α = 0, the conclusion follows. The general case is absolutely similar, so we do not provide any further details.
We verify now the invariance property (4.16.2); it will be a consequence of the fact that the normalization factor |Γ N | = O(N 2d ). By the formula (4.16.1) evaluated at the θ N obtained in Claim4.17 above we obtain
which is the same as
Therefore we see that the difference 
where the bundle L → A is defined by the limit parameter θ = lim
It is clear that the j th component θ j of θ defines an eigenvalue of the matrix Λ j , namely e √ −1θj . But the proof of Theorem4.16 reveals something more than that: we assume that there exists an eigenvalue of some of the matrices Λ j which is not a root of unity; then we can construct a section Ξ as above such that the bundle L is not torsion. Indeed this can be seen as follows. We assume e.g. that Λ 1 has such an eigenvalue, say λ 1 . Then we take the section u 0 we are starting with to be a corresponding eigenvector. This will impose the choice of θ 1 , so that e
is equal to the λ 1 . We cannot choose the rest of the parameters, but the proof of Theorem4.16 shows the existence of θ ∈ [0, 2π] 2d , whose first component is precisely θ 1 , and such that the relation (4.16.2) is satisfied.
We reformulate the Remark4.18 as follows, for clarity of exposition.
Corollary.
If the image of the representation ρ : π 1 (A) → U (r) corresponding to the Hermitian flat bundle E is infinite, then there exists a non-zero section of the bundle mK X + m∆ + L, where L is a topologically trivial line bundle which is not torsion.
4.20.
Remark. The proof of Theorem 4.16 depends in an essential manner on the growth properties of the fundamental group of the base A. For example, let p : X → Y be an algebraic fiber space where the base Y is a curve of genus ≥ 2, and assume that the direct image is flat. If we try to run the same proof in order to produce global sections, then it may very well happen that the error terms σ N j above do not converge to zero, because π 1 (Y ) has exponential growth; in other words, the argument breaks down. In connection with this, we refer to the article [13] , Theorem 3 as well as Corollary 21.
The following result due to Campana-Peternell [11, Thm 3.1] together with its generalization due to Campana-Koziarz-Pȃun [10] will allow us to conclude. 
In [10] the point (b) is not explicitly stated, so we will provide here a complete treatment for the convenience of the readers. The argument we invoke in what follows is borrowed from [11, Prop 3.2, (4)].
Proof. We remark that the point (a) is a direct consequence of [10, Thm 0.1]. In order to establish (b), we first observe that for each d and n, the set
is a finite union of torsion translates of complex subtori of Pic 0 (X), cf. [10, Section 2]. Now we suppose by absurd that there exists a non-torsion bundle L ∈ Pic 0 (X) such that κ(K X + ∆) = κ(mK X + m∆ + L) = 0. After passing to some multiplicity of m and L, we can assume for simplicity that
As V 1,m is a finite union of torsion translates of complex subtori of Pic 0 (X), we can find a torsion bundle L tor ∈ Pic 0 (X) and a non-trivial bundle T ∈ T, (where T is a subtorus of Pic 0 (X)), such that L = L tor + T and L tor + T ⊂ V 1,m . As a consequence, for every t ∈ R, we can find three non-trivial sections (4.21.1)
When |t| is small enough, s t · s −t and s 0 ·s 0 are two linearly independent elements in H 0 (X, 2mK X +2m∆+2L tor ). Then κ(K X + ∆) ≥ 1 and we get a contradiction.
We are now ready to prove our main theorem.
4.22. Theorem. Let p : X → A be a fibration from a projective manifold to an Abelian variety. Let ∆ be an effective klt Q-divisor on X and let F be a generic fiber of p. Then
Proof. 
and the positive curvature current Ξ on A ′ . If (π A ) * (Ξ) = 0, we can use the results in the case 4.1. In particular, as A is simple, Theorem3.10 implies that Ξ is big on A ′ . By using Corollary4.15 and Proposition3.8, we obtain κ( and Proposition3.14, we obtain (4.22.1) and the theorem is proved.
Further remarks
The following two results are a direct consequence of the arguments used in paragraphs 4.1 and 4.2, respectively, so we simply state them without any comment about the proof.
5.23. Theorem. Let p : X → Y be an algebraic fiber space, and let ∆ be an effective Q-divisor on X such that (X, ∆) is klt. We assume that for some positive m divisible enough we have det F m is big. Then we infer that
5.24. Theorem. Let p : X → Y be an algebraic fiber space, and let ∆ be an effective Q-divisor on X such that (X, ∆) is klt. We assume that for some positive m divisible enough the line bundle det F m is topologically trivial. Moreover, we assume that the fundamental group π 1 (Y ) has polynomial growth. Then we have
Finally, with a little extra-work we obtain the following statement, in which the flatness of det F m is shown to have stronger consequences. Proof. The construction of the bundle E on Y will be a direct consequence of Lemma5.26, combined with Corollary5.28 which we establish in what follows.
We start with the following observation. 5.26. Lemma. Let M be a complex manifold, and let (F , h F ) be a torsion free sheaf of generic rank r on it, endowed with a singular Hermitian metric. We consider a locally finite cover (Ω i ) i∈I of M . We assume that for each i ∈ I there exists a collection (u iα ) 1≤α≤r of holomorphic sections of F | Ωi such that Proof. We first remark that for each indexes (i, j) such that Ω i ∩Ω j = ∅ there exists a r × r matrix A ij whose coefficients are meromorphic functions on Ω i ∩ Ω j such that we have (5.26.3)
The orthogonality hypothesis (5.26.1) shows that in fact A ij ∈ U (r) and it has constant coefficients. This follows despite of the fact that the coefficients of the metric h F are -by definition-measures, so the relation (5.26.1) only holds in weak sense. The lemma is proved.
The Corollary2.7 has a very important consequence when coupled with the following minimal extension result, due to Z. Blocki, Guan-Zhou.
Theorem. ([5]), ([1])
Let p : X → D be a projective family over the unit ball in C d , and let (L, h L ) → X be a Hermitian line bundle. We assume that the curvature current Θ hL (L) corresponding to (L, h L ) is positive, and that the restriction of h L to the central fiber X 0 is not identically +∞. Let u be a section of K X0 + L| X0 which is L 2 with respect to h L | X0 . Then for each 0 < r < 1 there exists a section U r of the bundle K X + L| p −1 (Dr ) and such that we have U r | X0 = u (up to the standard abuse of notation...).
The statement above allows us to interpret the vanishing of the curvature of F m | Y \Σ in the "classical" way, as follows.
We can cover the manifold Y with a finite family of coordinate balls (Ω i ) i∈I centered at regular values say (a i ) i∈I of p. The following statement is a consequence of Theorem5.27, combined with Corollary2.7.
5.28. Corollary. For each i ∈ I and for each orthonormal basis (u iα ) α=1,...,r of mK Xa i + m∆ Xa i -where the adjoint part (m − 1)K Xa i + m∆ Xa i is endowed with the metric (m − 1)h X/Y + h ∆X a i (here h X/Y is the m-Bergman kernel metric for K Xa i + ∆ Xa i and h ∆X a i is the canonical metric on ∆ Xa i )-we can construct the holomorphic sections (U iα ) of the bundle p ⋆ (mK X + m∆)| Ωi , such that we have (5.28.1) U iα , U iβ = δ αβ pointwise in the complement of a divisor and in weak sense on Ω i , and such that the restriction of U iα on the fiber X ai equals u iα , for each pair of indexes α, β.
Proof. Our arguments are based on the vanishing of the curvature of the direct image on a Zariski open set, together with the fact that psh functions defined outside a set of codimension at least two extend automatically. We consider a fixed index i ∈ I and we drop it in order to simplify the notations in what follows. For each section u α of mK Xa + m∆ a we apply Theorem5.27 with the bundle L is given by L := (m − 1)K X/Y + m∆, and we obtain a section U α of the direct image p ⋆ (mK X/Y + m∆)| Ω which verifies the estimate (5.28.1). We remark that in fact the said estimate is nothing but the familiar mean inequality where we recall that a is the center of the ball Ω, and the notations | · | g X/Y,t means that we are using the relative metric at the point t (we note that this is well defined on a Zariski open subset of Ω).
On the other hand, in a complement of the divisor where the relative NarasimhanSimha metric is smooth we have and the result follows by the usual properties of the holomorphic sections which are D ′ -closed. We notice again the (5.28.1) only holds pointwise in a complement of a divisor of Ω; the fact that it holds in the sense of distributions on Ω is again a consequence of Corollary2.7. Therefore, Theorem5.25 is completely proved.
